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Conditional probability distributions of the two-phase structure seminvariant tp~ z = (Phtkh - -  q~h2kh 

in P2 l, given the values of one or more two-phase structure seminvariants, as well as appropriately 
chosen sets of structure factor magnitudes IEI, are derived. These distributions yield unique and 
reliable estimates, in the whole interval (-n,n), of the values of these seminvariants. In the case 
that a given structure seminvariant specifies the enantiomorph, the values of the remaining semin- 
variants are consistent with this choice of enantiomorph. In any event, the variance of any distri- 
bution of the kind described here is much smaller, in favorable cases, than that of a distribution 
which assumes as known magnitudes IEI alone, reflecting the fact that previously derived phase 
information severely limits the possible values of other phases. 

1. Introduction 

The linear combination of the two phases 

(]712 : (Phlkl, - -  (Phlkh (1.1) 

is a structure seminvariant if 

(h~-  h 2, 0, l I - l 2) - -0  (rood COs), (1.2) 

where co s, the seminvariant modulus in P2~, is defined 
by 

O~s = (2,0,2) . (1.3) 

In two previous papers (Green & Hauptman, 1978; 
Hauptman & Green 1978), estimates for ~Pl2 were 
obtained from conditional probability distributions 
derived on the basis that selected sets of magnitudes 
IEI, the neighborhoods of ~P~2, were known. In the first 
paper (Green & Hauptman, 1978) it was shown that, 
given the magnitudes in any neighborhood of the first 
kind, estimates of (Pi2 in the vicinity of 0 or ~ could 
be reliably determined. In the second paper (Hauptman 
& Green, 1978) it was demonstrated that, given the 
magnitudes in any neighborhood of the second kind, 
reliable, but ambiguous estimates of ~12 ~ _zd2 
could, in favorable cases, be found; the enantiomorph 
is then specified by choosing arbitrarily the sign of one 
such estimate. These two papers leave unanswered two 
related questions: Can the presumed known values of 
one or more two-phase seminvariants be used to 
estimate reliably the value of a related seminvariant, 
the initial estimate of which, based on known values 
of magnitudes IEI alone, was unreliable? Secondly, 
given the value of a single enantiomorph-sensitive 
two-phase seminvariant, is it possible to resolve, in a 
way consistent with this choice of enantiomorph, the 
sign ambiguity of the remaining two-phase enantio- 
morph-sensitive seminvariants, i.e. those whose values 

differ significantly from 0 or ~? The analogous 
questions for quartets were recently given an affirma- 
tive answer (Hauptman, 1977b,c), and the present 
paper is heavily dependent on the methods introduced 
in this earlier work. In strict analogy with the recently 
developed theory of quartets, the clue to the answer 
is found in the third and higher neighborhoods of tpl 2 
of the first kind (Green & Hauptman, 1978), the 'trio 
relations' used to define the higher neighborhoods 
(compare Hauptman, 1977a), and related probability 
distributions. 

In P2~ the normalized structure factor Ehk ! is 
defined by 

Ehk ! = I Ehkll exp(itPhkl) 

(ee-2) v22 ~N/2 (h. -  fjcos 2 ,  rj + k )  exp i2~z(kyj- k ) ,  

(1.4) 
where h and rj are two-dimensional vectors defined 
by 

h = (h,/), (1.5) 

rj = (xj,zj) (1.6) 

and f2 is the zero-angle atomic scattering factor of the 
atom labeled j; in the X-ray diffraction case the fj are 
the atomic numbers Zj and are therefore positive; for 
neutron diffraction some of the fj may be negative; 
the term O" n is defined by 

N 

on= ~-~fp, (1.7) 
j = l  

and e = 2 if h = 1 = 0 and 1 otherwise. Finally, (Xk,Yj, Z j) 
is the position vector of the jth atom. Other definitions 
and notations used here are in accord with the previous 
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papers in this series (Green & Hauptman, 1978; 
Hauptman & Green, 1978). 

The major results obtained in this paper are (1) 
PI,I,ll, the conditional probability distribution of a 
structure seminvariant, given the value of another 
structure seminvariant and 11 magnitudes IEI, equation 
(2.5); (2) PI~2.20, the conditional probability distribu- 
tion of a structure seminvariant, given the values of 
two other structure seminvariants and 20 magnitudes 
IEI, equation (3.5); and (3) P1,1.24, the conditional 
probability distribution of a structure seminvariant, 
given the value of another structure seminvariant and 
24 magnitudes IEI, equation (4.3). Important auxiliary 
distributions needed in the derivation of these three are 
P15, P3,15, P2,15, P4,28, P3,28, P2,1.24, equations (I.5), 
(I.15), (I.28), (II.4), (II.16), (II.31), respectively. 
Among the latter, P2,15 and P2,1,24 may also prove to 
be useful in the applications. 

2. The conditional probability distribution of  the 
structure seminvariant ~12 -" ~hlU, -- ~h~l~, given the 
structure seminvariant ~23 = q~h~t~ - -  qTh~kl3 and 11 

magnitudes I EI 

Suppose that 4,23(--7[ <( 4,23 -<(7[) and the 11 non- 
negative numbers R1, R2, R3, Rl~/~o, R3D3o , R l 2 / l i  , 
R12/1 ~, R31/31, R31/3[, gfi ,  R3~ are specified and that 
the ordered triple [(h I kll), (h2kl2) , (h3k13) ] is a random 
variable which is uniformly distributed over the subset 
of the threefold Cartesian product W x W x W of 
reciprocal space W defined by (I. 1), (I.2), (Appendix I), 

(P23 = 4,23 ; (2.1) 
and 

[Ehtkh[ = R1, {Eh~hl = R2, [Eh3kt~l -.~ R3, 
IEhh,- h2).q.½(1,-/2) l =  R 12/10, I E½(h3_h,),s,½th_h)l = R 3[/30, 

l E½th,+h2).q+k,½(h+h) I = R 12/11, 

I E½¢ h,+h~),q_k,½tl-_/~) I = R 12/i [, 

I E½th3+hO.s+k.½t,,3+t,)l = R31/31, 

IE½(h3+hO,s_k,½(h+h)l : R31/3[, IEh,-h2,0.h-h[ = RI~, 
[Eh3-h h0,/3-h [ : R 3 i, (2.2) 

where, as usual, q and s are arbitrary non-zero integers. 
In view of (I. 1) and (I.2) 

(/)12 = ~h,kh- ~h2kh (2.3) 
and 

(P23 = q)h2kh- (Ph3kl3 (2.4) 

are structure seminvariants. The structure semin- 
variant ~P12, as a function of the primitive random 
variable [(hlkll), (h2kl2)] is itself a random variable. 
Denote by 

PI ,l,ll = P(4,12 ] 4,23, R 1' R2, R3, R 1~/10~3~/30~R 12/11~A~ 12/1i, 
R 31/31,R 31/3f,R I~,R 3i) 

the conditional probability distribution of tpl 2 given the 
structure seminvariant (2.1) and the eleven magnitudes 
(2.2). This distribution, correct to terms of order 1/N, 
is obtained from P2,15, [equation (I.28), Appendix I], 
by fixing 4,23 and multiplying by a suitable normaliza- 
tion factor: 

1 
-- -- QI(4,12) Q~(4,1214,23), (2.5) PI,I,II KI, I , I  1 

' 4 ,  where Ql(4,1z) is given by (I.29) and Q2(1214,23) is 
obtained from Q2(4,12,4,23), [(I.30), Appendix I)] by 
suppressing those factors independent of 4,12, but 
dependent on the fixed parameter 4,23, SO that they are 
absorbed by the normalizing parameter K1, m l: 

02 l 

+ ~ t72 ~ ! (--2(--1)'(R21/,I + R21/3D 
1 

+ 6(- -1)SR3Rl)[cos(4 ,12  + 4,23) 

0"2-- (72(74 2 2 4,23)} 

/ 

J 

0 3 / [203 U3[~ xc°sh~'~3f2R3[V3[~lo~:2R3[/3oR31:31 ! to2  

(203 } 
× Io~72/2R3[/3oR31/3[U3[ , (2.6) 

with V3~ and U3~ defined by (I.33) and (1.36) respec- 
tively; the normalizing parameter KI,I.II , a function of 
the 12 parameters (2.1) and (2.2) and independent 
of 4,12, is best obtained numerically in any given ease. 
It should perhaps be emphasized that P1,1.II is a 
function of the single variable 4,12 and that 4,23 appears 
as a parameter; despite the superficial resemblance, 
P2,15, in contrast, is a function of the two variables 
4,12 and 4,23. 

It should be noted that if 4,23 4= 0 or n, (2.5) is not 
an even function of 4,12 (el. Figs. 1-5) and has a unique 
maximum in the whole interval 

--n < 4,12 -< ~ (2.7) 

In other words, once the enantiomorph has been fixed 
by a proper choice of the value for 4,23 (~  0 or n), 
then the most probable value for 4,12, given (o23 and 
the 11 magnitudes (2.2), is given by the unique maxi- 
mum of (2.5). The initial estimate for tP23, assumed in 
(2.5), may be found in terms of magnitudes IEI alone 
from probability distributions associated with the 
second and higher neighborhoods of the second kind 
discussed in the previous paper (Hauptman & Green, 
1978). Thus, the most probable value of ~i2 corre- 
sponds to that value of 4,12 which maximizes P1,1.1r 

If 4,23 = 0 or n then tpl 2 has the same value for both 
enantiomorphs. Thus (2.5) is bimodal, one maximum 
corresponding to one enantiomorph and the second 
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to the other enantiomorph. In this case enantiomorph 
selection may be made by arbitrarily specifying the 
sign of t/,12 corresponding to the maxima of P1,1.11 in 
the whole interval (-Tr, Tt). If tJ)23 ---- 0 or 71: and the 
initial estimate of tpl 2, as obtained from magnitudes 
I EI alone, is also 0 or 7t, but with a large variance, then 
(2.5) may yield a more reliable estimate for the value 
of ~012. 

3. The conditional probability distribution of the 
structure seminvariant ~t2 "- ch ,kt , -  ~h~gh, given the 
two seminvariants ~[~23 ~--" ~Oh2k12 -- ~h3kl3' ~14 "-- ~h~kh - -  

~ h , k t ,  and 20 magnitudes 

Under the usual assumptions suppose that I[2)23' ~14 
(--Tr < ¢~23, ~14 < 70 and the 20 non-negative numbers 

R 1~ 2~R 3,R 15/lo,R 3 Dao,R 12/11 ,R 12/1 i "~R 31/3 I~R 31/3i ",R 12 ~R 31, 
(3.1) 

R 4~R 4~/5o~R 4~/6o~R 42/51~R 42/5 [~R 43/61rR 43/6bR 42,R 43 
(3.2) 

are specified, and that the primitive random variable 
[(h~kll) , (hEkl2) , (h3kl3) , (h4kl4)] is uniformly distri- 
buted over the subset of the fourfold Cartesian 
product W x W × W × Wdefined by (I.1), (I.2), (II.2), 
(2.2), (II.27), 

¢23 = ~23, (3.3) 
and 

~14 = ~14" (3.4) 

Then the structure seminvariant ~0~2, as a function of 
the primitive random variable [(h~ kll), (h2kl2), (h3kl3), 
(h 4 k/4)], is itself a random variable whose conditional 
probability distribution given the 22 parameters (2.2), 
(I1.27), (3.3) and (3.4), PI,2,20 = P(tJ)I21tJ$23,tJ)I4,RI, "'" 
R4~), is found from P2,1,24, (II.31), by fixing the value of 
(J)23 and multiplying by a suitable normalization factor. 
Thus 

1 
P1,2,2o -~ Ki,2,2 0 QI(~I2)  Q[(~121 q)23) 

X Q~'(t~12[tib23, tibl4) (3.5) 

where Ql(qh2) and Q;'(qh21qh3,qh4)= Q~(qh2, 
~231 qh4) are given by (I.29) and (II.32) respectively, 
and Q~(q~121 ~23) is obtained from Q2(qh2,q~23), (I.30), 
by suppressing those factors in the latter which are 
independent of qh2, but dependent on the fixed para- 
meter q~23, so that they are absorbed by the normalizing 
parameter K 1.2.20: 

Q~(~I21 ~23)= exp { - 2  (-1)s ( 30"2 ~ 02 O 4 / 6 3  I R3RIR3D3°2 

(0"2 -- 0" 2 0"4~ 
× c0s(~12 + ~23)-  2 ( -1 )~ \  aS2 / 

1(R31/31 + R31/31 × R3 R 2 2 --- 3)COS(~12 "4- ~D23 ) 

-- ai  ] R2R~ cos 2(~,2 + qJ23) 

x cos,,  

[ 2 a 3  U3i- } × I0/~72/2 g3i/soR31/31 

[2a3 } 
x I0/aT/2 R3~/3oR31/31U3~ , (3.6) 

with V3~ and U3~ defined by (I.33) and (1.36) respec- 
tively. 

4. The conditional probability distribution of the 
structure seminvariant ~12 ---- ~h,kh -- ~h~kh, given the 
structure seminvariant ~23 = ~h~kh-  ~h~kh and 24 

magnitudes 

Under the usual assumptions suppose that ~23 (--n <~ 
~23 ~ 7~) and the 24 non-negative numbers 

R I,R 2,R 3,R 1~/Io,R 3 b30, R 12/11, R 12/1 i'~ 31/31' R 31/3 i,R i ~,R 3 i 
(4.1) 

and 

R 4,R l~i/40,R 4650,R 4 ~/60,R 14/41 ~1~ 14/41~ 42/51, R 42/5 b R 43/61' 
R43/6~,R 1~,R4~4 ~ (4.2) 

are specified, and that the primitive random variable 
[(hlkl l )  , (h2klE),(hakl3), (h4kl4)] is uniformly distri- 
buted over the subset of the fourfold Cartesian 
product W x W × W × W defined by (I.1), (I.2), 
(II.2), (I.7), (II.27) and (3.3). Then tpl 2, as a function 
of the primitive random variable [(hlkl l ) , (h2kl2) ,  
(ha kl3) , (h4kl4)], is itself a random variable. The con- 
ditional probability distribution of tpl 2, given the 25 
parameters (I.7), (II.27) and (3.3), P1,1.24 = P(~I21 ~2s, 
RI ,R  2 . . . . .  R4~), is obtained from P3,28, (II.16), by 
fixing the value of ~23, integrating (II. 16) with respect 
to ~14 over the interval (-Tr, Tr) and multiplying the 
result by a suitable normalization parameter: 

1 
P1,,,24 -- QI(t/D12) Q~(t/D,21 (J~23) 

KI ~ 1,24 
~t 

× f Q3(~12,C~23,~14)d~14, (4.3) 
--Tt 

where Q,(~12), G(~,21¢'23) and Q3(¢',2,~23,~14) are 
given by (I.29), (2.6) and (II.17) respectively. The 25 
numbers (I.7), (II.27) and (3.3) are parameters of the 
distribution and K~,1.24 is a normalization factor 
independent of ~2.  The integration of Qa(tJ)i2,tJ)23,tJ)14) 
is done by numerical techniques since no simple exact 
analytical expression has been found. The probability 
distribution P1,1.24 is the third major result of this paper 
and is analogous to Pl,l.ll, (2.5). Its properties are 
similar to PI~I,11 and the reader is referred to the latter 
for further discussion. 



5. The applications 

X l d  3 

The figures accompanying this section show P~,l,~, 
(2.5), and PltL24, (4.3), as functions of ~P~2 in the 
domain ( -  180 °, 180 °) for several representative sets of 
values of the parameters on which these distributions 
depend. They illustrate their properties for structures 
containing N = 100 and N = 300 identical atoms in 
the unit cell. The values given for {P23 and the various 
magnitudes, IEI, have been selected to show optimal 
behavior of these distributions and thus to illustrate 
the kinds of estimates which may occur in favorable 
cases. 

5.1. P1,1,11 

In Figs. 1--4 it is assumed that 

( ~ 2 3  = e h z k l 2 -  ~Oh3kls : 90°,  (5.1) 

thus specifying the enantiomorph. As described in the 
previous paper (Hauptman & Green, 1978), reliable 
estimates for tP23 - +90°  are obtainable via the neigh- 
borhoods of the second kind, and specifying the sign of 
~P23 is equivalent to choosing the enantiomorph. Figs. 1 
and 2, corresponding to N = 100 and 300 atoms 
respectively, show that, for the values of the parameters 
listed P,,,.~, has a unique maximum in the whole 
interval ( - 1 8 0 ° , + 1 8 0 ° ) ,  i.e. the ambiguity of the two- 
fold estimate, ~P~2 ~ +9 0 ° ,  obtainable from magnitudes 
IEI of the second kind alone (Hauptman & Green, 
1978), is decisively broken. In fact, as Figs. 1 and 2 

clearly show, there is a single sharp peak at ~P~2 "~ +90°  
with no evidence of a peak at t&2 ~_ - 9 0  ° (which 
corresponds, as it happens, to the minimum of Pa,~,~), 
so that the value +90  ° for ~P~2 is consistent with the 
enantiomorph chosen by setting ~P2s = +90° .  Even 
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9 0  1 8 0  

Fig. 2. The probability distribution PJ,l,l~, (2.5), for the values 
of the parameters shown. 
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Fig. 1. The probability distribution PJ,z.~l, (2.5), for the values 
of the parameters shown. 
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Fig. 3. The probability distribution P~,1.1~, (2.5), for the values 
of the parameters shown. 
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when N is as large as 300, the estimate is extremely 
reliable in the favorable case shown in Fig. 2. 

Figs. 3 and 4 show that reliable estimates for ~0~z ~_ 
- 4 5  ° (as distinct from cardinal point estimates 0, 

X10 -3 

15.71 

13.96 

12.22. 

10.47. 

8.73. 

6.98- 

5.24- 

3.49. 

1.75. 

N: 30o %11,11 
R, = R 2 = R3 = 3 .0  I 
R1~/10 = R3~/30 = R12111 = R.1211i = 2.5 
R31r31 R31t3{ = RI,~ = R~{ = 2.5 

I/ 
-180 -90 

L 
o 

DEGREES 

AND .J ARE EVEN 

23 =90° 

~)12 9'0 18o 

Fig. 4. The probability distribution P~,~.t,, (2.5), for the values 
of the parameters shown. 

180, +90 ° ) are obtainable with suitable choice of 
parameters. As before, it is particularly noteworthy 
that the symmetry about q)~2 = 0 is destroyed and the 
unique maximum in the whole interval ( -  180 °,+ 180 °) 
is consistent with the chosen enantiomorph. 

Fig. 5 shows how the 15-magnitude estimate (broken 
line - - - )  of qh2 ~- 180° may be sharpened when the 
additional information, (P23 = 0, is available (solid 
line ). 

5.2. P1,1,24 

In Figs. 6 and 7 it is assumed that (P23 = 90°. Com- 
parison with Figs. 1 and 2 shows that, when the 13 
additional magnitudes derived from the fourth neigh- 
borhood are presumed to be known, a somewhat more 
reliable estimate of cp~ 2 may be obtained via P] ,1.24 than 
from the analogous distribution P~,~.~. However, the 
gain in going from P~,~,l~ to P~,1.24 appears to be only 
marginal, possibly a consequence of the fact that our 
P~,~.24 contains some, but not all, terms of order 1/N 2. 
It may well be that P~,~.24, correct to order 1/N 2, a 
time-consuming but not impossible task to derive, 
would yield a greater improvement. 

In view of the discussion in this and the two pre- 
ceding papers, it is clear that the two-phase structure 
seminvariants may well prove to be an important tool 
in phase determination, not only in P2~, but even more 
so in those space groups containing more varied 
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Fig. 5.(a) Solid line ( ): the probability distribution P~,~.H, 
for the values of the parameters shown. (b) Broken line ( - - - ) :  
the probability distribution P1,~5 [equation (6.1), Green & 
Hauptman, 1978] for the values of the parameters shown. 
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Fig. 6. The probability distribution P~ 11.24 [Eq. (4.3)] for the values 
of the parameters shown. 
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symmetry operators. However, owing to the limited 
number of two-phase structure seminvariants which 
may be reliably estimated in any given case, it is 
anticipated that they will find their greatest use in 
conjunction with more general seminvariants and 
invariants, particularly in the applications to very 
complex structures. 
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Fig. 7. The probability distribution P~,~.~4 [Eq. (4.3)] for the values 
of the parameters shown. 

A P P E N D I X  I 
Probability distributions derived from the third (15- 

magnitude) neighborhood of q~2 of the first kind 

I. 1. The joint probability distribution of  the 15 struc- 
ture factors whose magnitudes constitute the third 
neighborhood of  ~012 

Suppose that a crystal structure in P2] consisting of 
N atoms, not necessarily identical, in the unit cell is 
fixed and that the ordered triple [(hlkl~),(h2kl2) , 
(h3k13)] of reciprocal lattice vectors is a random 
variable which is uniformly distributed over the subset 
of the threefold Cartesian product W x W x W of 
reciprocal space W defined by 

(h I - h 2, 0, l , -  l 2) - -0  (mod ms) (I.1) 
and 

(h 2 - h a, 0, l 2 - 13) -- 0 (mod tOs). (I.2) 

Let q, r and s be arbitrary non-zero integers. Then the 
15 normalized structure factors 

Ehtkh, Eh~kh, Eh~kh, E{(h,-h2).o.½(t,-h), 
E½(h2-h~).r.{(h-h)' E½(h3-hO.s,½(h-h)' 
E½(h~+h2).q+k.½(h+h)' E½(h~+h2),q-k,½(h+h), 
E½(h2+h3).r+k,½(h+h), E½(h2+h~),r-k,½(h+h), 
E½(h3+hO,s+k.½(h+h)' E½(hj+h~,s_k,½(h_h), 
Ehz-h2.0.h-h, Eh2_h3,O.h_ h, Eh3_h~,O,h_ h, (I .3) 

as functions of the primitive random variable [(hlkl]), 
(h2k12), (h 3 k13)], are themselves random variables. 
Denote by 

P15 = P(R I~R 2,R3~ l~/lOrR 25/2o,R3~/3o,R 12/11, R 12/li~ 23/21' 

R23/2i,R31/31,R31/3i; ~DI, ¢~2, ¢~3, ¢~i 2/10,¢~23/20, ~3i/30, ¢~12/11, 

1~12/1 i', ~23/21, ~23/2i', ~31/31, ~31/3 i"; S1~,S2~,S3~ ) (I.4) 

the joint probability distribution of, respectively, the 
magnitudes and phases of the first 1 2, complex-valued, 
and the last three, real-valued, structure factors (I.3). 
Then following the pattern of the result in Appendix I 
of the first paper in this series (Green & Hauptman, 
1978), it is clear that 

PI5 -- R 1R2R3 R 1~/1o R23/2o R3i/3o R 12/11R 12/1 iR23/21R23/2iR31/31R31/3 
(2n)3:2 ~12 

( 2_ 2_ 2_ 2 2 2 2 2 2 
/ 

× exp -- R 2 + R 2 + R ] + Rl2/ l  0 + R23/20 + R31/30 + R12/ll  + R12/l i  + R23/21 + R23/21- + R31/31 + R31/31_ 
/ 

+ $2~+ $2~ + + 1R S12 cos(tibl -- t2~2) + R2R3S23 c ° s ( ~ 2 -  ~3)  "~" R3R1 S3i c°s(tJb3 ~1)  

+ (--1)aRIRl~/~oR12/u c°s(¢1 + ¢1~/]0-- ¢!2nl) + (--1)k+#R~R~/~oR~2/~icos(¢l- ¢~/10 + ¢~2/1i) 

+ (--1)rR2R2J/2oR23/21 c°s( t~2  + ~)2g/20- ¢23/21) q- (--1)k+rR2R25/20R23/2i Cos(I2B 2 --  ¢23/20 q- ¢23/2i) 

+ (-1)SR3R3i/aoR31/31 c°s(~3 + @3i/30- @31/3~) + (-1)k+sR3R3i/30R3]/3i cos(@3- @31/30 + @31/3i) 

+ R2Rz~/IoRI2/11 c°s(qb2 + q~]~/lO- t012/1~) + (-1)kRERl~/loR12/~i c o s ( ~ 2 -  @l~/lo + ~12/1i) 

+ RaRE~/20R23/21 c°s(@3 + @2~/20 - @23/21) + (-1)kR3RE~/EoRE3/2i cos(@2- @2~/20 + @23/2~) 

+ RIR3~/30R31/31 c°s(~l  + ~3~/30- ~31/31) + (--1)kRiR3i/aoR3~/3i cos(@3- t~3i/30 Jr ~31/3i) 
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+ ~ $1~(R~2/, o - 1) + ~ $23(R23/2 o - 1) + ~ $31(R31/3o- 1 - 2 a3 

- -  1) R2R3R23/20 cos(~ 2 ~3) + (--1)SR3R~R3~/30 -- ×[(_I)qRIR2R~2/102_ cos(q~ 1 ~ 2 ) + ( _  ~ 2_ _ 2_ cos(~3 ~ ) ]  

-- 2( 0.2- 0"20"4)[(-1)ORIR2(R22/11 + R~2/~)c°s (q~-  q~2) + (-1)rR2R3(R23/21 + R ~23/2 ~) COS(t~ 2 ~3) 0",~ 

+ (--1)~R3RI(R21/31 + R]l/3r) cos(~ 3 -- ~ ) ]  + 6 \ 0"3 ] [(--1)~R,R2 cos(~l - ~2) + (--1)~R2R3 

x cos(~2-- ¢~3) + (--1)~R3RI cos(~3--  ~ ) ] -  - (0.]---a-20"4~ 0.~ I R~R~ c o s ( ~ l -  a ~ )  + R~R] cos(2~--  2~3) 

( 1 ) } {  ( N ) }  + R ] R ~ c o s ( 2 ~  3 -  2~1)] + O ~ 1 + O , 

where O(1 /N  1/2) consists of those terms of order 1/N 1/2 
or higher which will make no contribution of order 1/N 
or lower to the desired conditional probability distri- 
butions to be derived. The term O(1/N) consists of 
those terms of order 1/N or higher in which the terms 
of order 1/N are independent of the ~'s or contain only 
even powers of the S's. 

1.2. The joint  conditional probability distribution o f  the 
three phases ~On,kt ~, ~On~,t ~, q~h~kt: given the fifteen magni- 
tudes in the third neighborhood o f  ~o12 

In the first paper of this series (Green & Hauptman, 
1978), the third neighborhood of the first kind of ~0~2 
was defined to be the magnitudes of the set of 15 struc- 
ture factors (1.3) where q, r and s are arbitrary non-zero 
integers. Associated with this set of magnitudes are 
three phases q~t,,u,, ~0h~h, ~0h,kt: having indices satisfying 
(I.1) and (1.2). 

Assume that a crystal structure in P2~ consisting 
of N atoms, not necessarily identical, in the unit cell 
is fixed and specify the 15 non-negative numbers 

R ~,R 2,R 3,R lS/lO,R2~/20,R3~/30,R ~2/~ n, R 12/i I,R23/21,R23/21, 
R31/3pR31/3~R 1 ~ 2 ~ , R 3 ~ .  (I.6) 

Suppose finally that the ordered triple [(h~ kll), (h2k l2 ) ,  
(hakl3)] of reciprocal lattice vectors (h i kI~), (hEkl2), 
(h3kl3) is a random variable which is uniformly 
distributed over the subset of the threefold Cartesian 
product W x W × W of reciprocal space W defined 
by (I.1), (I.2) and 

IEh.kt, I = R 1, IEh~hl = R2, IEmkt3l = R3, 
IE½(h~_hg,q.½(h_l~)l = Rill1 o, IE½(h~-h3),r,½(h-h)l = R2~/20, 
IE½(h~_hO,s,½(h_tOI = R3D30, IE½(h~+h~),q+k,½(h+12)l = R~2/1 ~, 
I E½(n,+h2),q_k,k(t,+t2)l = R 12/1i' 
I E½(h~+m ),r+k,½th+h)l = R 23/21, 
I E½(n~+n~).r-k,½(12+ 13) I = R 23/21' 
IE, t I =  ~(h~+hO,s+k,½( 3+h) R31/31~ 

IE½(n~+hO,s_k,½(h+h)l = R31/3 ~, IEn~-n~,o,t,-t~l = R I ~  , 

IEn~_n~,0,t~_t~l = R2~ , IEh3_n~,0.t~_t,I = R3p (I.7) 

(I.5) 

The three phases ~Oh,kt ,, ~h2kl: ~h3kh are then functions 
of the primitive random variable [(h~kl~),(h2kl2), 
(h3kl3)]. Denote by P3,15 : e (~n ,~2 ,~3 lR i ,R2  . . . .  , R3~) 
the joint conditional probability distribution of the three 
phases ¢Ph,U,, tPh~t.~, tPh3kt: given the 15 magnitudes (1.7). 
The three real structure factors S~, $2~, $3~ are related 
to their respective magnitudes and phases R I~,R2~,R3~ 
and ~ , ~ 2 ~ , ~ 3 r  by means of 

$1~ = R 12 c o s  I~ l~  , S2~ ----- R2~ COS ~2~, 
S 3 i  = R a f  c o s  t~3~, (1.8) 

where ~1~ = 0 or n according as $15 is positive or 
negative, q~2~ = 0 or n according as $2~ is positive 
or negative, etc. In short, the three phase variables 
q~,~25,q~3~ are discrete, each one taking on only 
the two values 0 or n. Then P3.~5 is obtained from 
P15 by fixing the values of the 15 magnitudes (I.7), 
integrating P~5 with respect to the nine continuous 
phase variables ~ with multiple subscripts, summing 
over the two possible values, 0 or n, of the three discrete 
phases, ~1~, ~2~, ~3~, and multiplying by a suitable 
normalization factor: 

2~ 

P3,15 : P15 dt~12/lO " "  dt~31/31" 

K3'15 • -~,~I'2.~,~I',,=° ~',~,,o . . . . .  *, ,  ,i =°  (I.9) 

Using techniques which are by now standard (Haupt- 
man, 1975a,b, 1976; Green & Hauptman, 1976) and 
employing 

Z Ai cos(q~ + ai)= X cos(q5 + ~), (I.10) 
i 

x =  A~A~ cos(~- ~)/ 

X e x p ( i 0 -  E Ajexp(iai) '  (I.11) 
J 



EDWARD A. GREEN AND HERBERT HAUPTMAN 237 

P3,15 is found to be 

1 
P.~,15 = - -  

K3,15 

exp{-2( 30.22 tr2a4~ 03 ! [(-1)qRlR2R22-/l° c°s(~i- ~2) + (-1)'R2RaR2j/20 cos(~2- #3) 

+ (_I )SR3RI 2_ COS(~3 t~l) ] 2(°32-0204~ --  --  12/1 + R22/1/) COS(q)l --  rib2) R3'/3° \ -tfi2 ] [(-I)aR'R2(R2 ' 

2 + (-1)rR2R3(R~3/21 + R23/2i) c°s(qb2 @3) + (--1) sR 2 2 _ -- 3RI(R31131 + R31/31) cos ( t~  3 --  !~bl) ] 

+6(., ...4) 02 [(-1)qRIR2C°S(~l-~2)+ (-1)rR2R3cos(~2--~3)+ (--1)SR3R~cos(~3--~1)] 

a32 ! [R21R2 c°s(2t~l-  2q~2) + R2R2 c°s(2qb2 -- 2~3) + R2R] cos(2~3- 2q~1)1 

n /o .3R  lift,, } 
× Z exp'~ a.-~tt--1)q(R2bl°-- 1) + 2RiR2cos(~ , -- ~2)] cos ~,~ 

~-=0 

x exp [(--1)r(Rzi/2o -- 1) + 2R2R a COS(~ 2 --  t~3)] COS (J~2i 
l~12J=0 

x 2 exp~a3R3~[(-1)S(R32D3o l 2R3RlC°S(qb3  IJ$1)]COS~3i / 
• , i=o l 0"3 '2 - -  ) + - -  

X exp~-~21Xl~/loR12/llXl~COS(CI)12/ll +~12/11 ) d(I)12/ll )0 explt73/----2Rl~/loR12/liXlgCOS((I)12/li+ ~12/1~ ) dt~12/l~ 
0 

X f expi~2R2~/2oK23/21X2~cos(@23/21 + ~23/21 d~23/21 f exp'~@-~-2/2 .~/2oR23/E'X2~c°s(@23/.~ + ~23/2i) d~23/2, 
o o .; ,,°3 } ,; ,.°, _ } X expi~2R31/30R31/31X310°8(~31/31 + ~31/31) d~31/31 exp~2/2R3i/30g31/3i-x~31 cos(~31/3i 4" ~31/3i') dlJ~31/3i. 
o o ( I .  1 2 )  

In view of the integral formula 
27r 

f exp[A cos(0 + Old0 = 2zclo(A) 
o 

and 

(I.13) 

~--~ exp(A cos ~0) = 2 cosh A, (I. 14) 
¢ 9 = 0  

the desired joint conditional probability distribution of 
¢Ph~,t,, ¢Ph2kt2, ~Pmkt3 given the 15 magnitudes (1.7) of the 
third neighborhood, is found to be correct to terms of 
order l/N, 

1 
= ~ Q~(q~l,q~2) Q2(~1,~2,~3) (1.15) P3,15 K3,15 

where 

I--2(--1)qR'R2[(3o~_ a2a4)R]~/lO Q'(~t'q~2) = exp [ tr---~ 

2 _ - 04)]  + (0"3 2 -  3204)(R]2/l I + R12/l l)- 3(032 a 2 

XCOS(~l_qba)_ (°32-°2°'4~R2R2cos2(~b1_~2)} 
o2' / ' 2  

x cosh~ %R~ YI~ / f2a3 [ o .3/2 I°J~3/2 R'z/IoRI2/IIX'2} 

f203 } 
x Io~-~72 R,b,oR,E/,iX,~ , (I.16) 

Q2(~l,q~2,~3) = e x p { - 2 (  30] Ztrztr4~ 
aJ 1 

× [(-1)"R2R3R2~/20 c°s(q~2- ~3) 

+ (_I)SR3R, 2_ cos(~3_ ~ , ) ]_  2{a2--_a_za4~ 
R31/3° ~ 0"32 / 

× [(--1)rR2R3( R2 R223/2i) c°s(~b2 ~3) 23/21 -t- 
2 _ + (--1)SR3R1(R~,/31 + R31/3,) cos(~ 3 ~,)1 
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(0-2 --  0-2 0-4~ 
+ 6\- ~r~ 1 [ ( - lyRER3C°S(~2-  I1~3) 

+ (--1)sR, R c°sfq)a_ q),)]_ - (0-2_ 0-2 0-4~ 
I -- 0-23 / 

2 2 2(~3 @I)]~ x [R2RE cos 2 ( ~  2 -- ~3) + R3R, cos 
) 

x c°shl0"3R2' y2 '~c°sh~-  (73/2 J ~ 0-2 

X iol_~2 R23/21X2J} /o/~2/2120-3 R2~/2oR23/2[X23} 

f203 Rs~/3oR31/31X31} 1"20-3 R3~/3oR31/3~X3i}, 
(I.17) 

Y,~= [(-1)~(R2~/,0 - 1) + 2R ,R  2 c o s ( ~ , -  #2)], (1.18) 

Y2~ = [(--1)r(R2~/2o--) + 2RERa c°s(~2--  ~s)], (1.19) 

Y3~= [(--1)s(g2D30- 1) + 2R3R ~ cos(~ 3 -- ~,)], (1.20) 

X,~= [R 2 + R 2 + 2(--1)qR,R 2 COS(~ l --  ~ 0 ]  1/2, (1.21) 

X2~ = [ R2 + RE + 2(--1)rRERa c°s(~2--  ~3)]'/2, (1.22) 

Xa1= [R E + g 2 + 2 (_I ) ,RaR,  cos(~3_  ~,)]1/2, (I.23) 

and where Ka,I5 is a suitable normalization factor 
independent of ~ ,  ~2, ~3- Since Ps,~5 is a function 
of the structure seminvariants ~ - ~2, ~ 2 -  ~3, 
~3 - #~ and since {2)3 -- tJl)l ~ --(~1 -- (J)2)- ( ( ~ 2 -  (~3)' 
the distribution P3,~5 leads directly to the joint con- 
ditional probability distribution P2,~5 of the pair of 
structure seminvariants (012, (023, given 15 magnitudes, 
as shown next. 

1.3. The joint conditional probability distribution o f  the 
pair o f  structure seminvariants (012 = (0h,kt, -- (0h2kt2; 
(023 = (0h~kt, -- (0h~t: given the 15 magnitudes in the 
third neighborhood of(012 

Assume that the ordered triple [(hlkll),(h2kl2), 
(h3kl3)] of reciprocal lattice vectors is uniformly 
distributed over the subset of the threefold Cartesian 
product W x W x W of reciprocal space W defined 
by (I. 1), (1.2) and (1.7). Then the two structure semin- 
variants 

(012 : (0htkl,- (0hxk12' (023 = (0h~*t~- (0h~kt: (1.24) 

as functions of the primitive random variable [(h~kll), 
(h2kl2),(hakl3)], are themselves random variables. 
Denote by P2,~5 = P(#12,#23 IR1,R2, ...,R3[) the joint 
conditional probability distribution of the pair (012, 
(023, given the 15 magnitudes (I.7). Then P2,,~ is 
obtained from P3, ts, (I. 15), via the transformations 

~12 = ~ 1 -  ~2 '  (1.25) 

(~23 = ~ 2 -  (J)3' (I.26) 

- - ~ 2 -  ~23 = ~ 3 -  ~ ,  (I.27) 

and is found to be 
1 

P2,,5 =K---~I5 Q,(t~,2) Q2(~12,t~23) (I.28) 

where Q~(t0,2) is obtained from Qz(qh,q)2), (I.16), by 
replacing qh - q)2 in the latter by qh2; and Q2(q~,2,~23) 
is obtained from Qz(~l,q)2,q)3) (I.17), by replacing 
q)2 - q~3 and q~3 - qh in the latter by q)23 and -q~2 - 
q)23 respectively. Thus 

[ - -2(-1)qRIR2 2 
Ql(~12) : exp~ ~ [(30- 2 -- 62 0-4)R i~/i0 

1. 02 
2 aD] + (0 . 2 -  O'20"4)(R212/11 + RI2/I 0 -- 3(0 2 -  0" 2 

X COS (~12 0"~-  0"204 032 R2R2c°s 2 ~ n  
) 

X - -  I o i ~ 2 R l , / l o R l 2 / ,  l 

f20-3 } 
x Ioib~72 R,~z,oR,2/,~U,~ , (1.29) 

=  xp{- 2(3 / 

x[(-1)~R2R3R~/2o cos ~23 4- (--1)SR3RIR2~/3o 

X COS((~12 q" (~'B23)] - -  2 " (o']-- 0-20"4] - -o~2 / [(--1)rR2Ra(R23/2' 

1(R31/31 + + R23/2~) COS ~23 -at- (-1)SRs R 2 R2/3i) 
x c°s(q~,2 + q)23)1 +6(a23-0-20-4) 

°23 
x [(--1)rR2R3 cos ~23 + (--1)SRaR~ c°s(~12 + ~23)] 

- 2R3 cos 2~23 + R3R l / j R  2 2 2 

} {o, } 
X COS 2(~12 + (2623)] cosh 0-23/----- 2 R2j V2j 

X cosh{~72/2R3, V3~ } `20"3 U2j } 0"3 io/e_~72/2 R2~/2oR23/2, 

1"20"3 V2g} f20"3 U3i} X Ioi~~2 R23/2oR23/21 Ioi-~2 R31/3oR3,/3I 

20- 3 
X Io{~2/2R3i/3oR3,/3 i U3i}, (I.30) 

~"Zl] = [(--1)q(R2~/lO -- 1) + 2RIR 2 cos ~12], (1.31) 

V2j=  [ r 2_ __ (--1) (R2s/2 o 1) + 2R2R s cos q)23], (I.32) 

V3i. : [(__ S 2_ COS(~I 2 + ~23)], 1) (R3,/3 o -- 1) + 2R3R ~ 
(1.33) 

U,~= [R 2 + R 2 + 2(--1)qRIR2 cos ~n] '/2, (1.34) 

tli 11/2 (1.35) U2~= [g 2 + R E + 2(--1)rR2R3 cos ~-23' , 

U3~= [ R2 + R2 + 2(--1)SRaR~ c°s(~,2 + ¢)2a)], (I.36) 
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and K2,15 is a suitable normalizing parameter indepen- 
dent of O12 and 023. 

In general, (1.28) has two maxima in the domain 

--7[ < O12 "( 7[ (1.37) 

- -~  = 023 ~ 7[ (1.38) 

related to each other by reflection through the origin, 
since (I.28) is unchanged when O12 and 023 are both 
replaced by their negatives. One maximum identifies 
the most probable values of the pair tp12, tp23 corre- 
sponding to one enantiomorph; the other the most 
probable values of tp~ 2, tp23 corresponding to the other 
enantiomorph. The reader is referred to Hauptman 
(1977b), equation (2.13), for further discussion. 

APPENDIX II 
Probability distributions derived from the fourth (28- 

magnitude) neighborhood of ~ z  of the first kind 

II. 1. The joint conditional probability distribution o f  
the four  phases ~Oh,kh , ~Ohrkh , ~Oh3kh , ~Oh4kh , given 28 
magnitudes 

Using the probabilistic background described 
previously, the derivation of the joint conditional 
probability distribution of the four phases tPh,kt,, 
~0h~,t,, q~h~t~, tPh,kt,, given the 28 magnitudes in the fourth 
neighborhood of ~012 of the first kind follows the lines 
already given in Appendices 1.1 and 1.2. In addition 
to the 15 non-negative numbers (I.6), the 13 non- 
negative numbers 

R4,R l~/40rR 4~/50, R43/60, R 14/41 ~R 14/4 [~.R 42/51 ~R 42/5 ~,R 43/61, 

R43/6i,R I~,R4~,R4~ (II. 1) 

are also specified. The primitive random variable is 
the ordered quartet [(h i kll), (hE kl2), (h 3 kl3), (h4kl4)l of 
reciprocal vectors which is assumed to be uniformly 
distributed over the subset of the fourfold Cartesian 
product W × W × W x Wdefined by (I.1), (I.2), 

(h I --  h4, O, 11 --  14) --~ 0 (mod to), (11.2) 

(I.7) and 

IEh4kh I = R4, IE½(h~_h4),t,½(t4_t4)l : RI~/40, 
IE½th4_h2),u.½tt4_t2)l = R4[/50, IE½th4-h3l,v,½tt,-h)l = R4~/60, 
IE½th,+h4),t+k,½(h+14)l == R14/41, 
I E½t h,+h4),t_k,½(h+l+)[ : R 14/4 [, 
I E½(h4+h2),u+k,½(h+12)l = R42/51, 
I E½(h4+h2),u_l~,½(h+h)l : R42/sT, 
I E½th4+h3),v+k,½(h+h)l = R43/61, 
IE, ~ I ~i(h,l+ha),v-k,2(14+13) : R43/6[, 
IEh~_h4,0,h_i~l : R14, IEh4-h~,O,h_h I : R4[ , 
IEh4_h3,0,h_h ] : R45. (11.3) 

Denote by P4,ES = P(OI,02,03,041Rz . . . .  ,R4j ) the joint 
conditional probability distribution of the four phases 
~Ohaa,, tph~kt: tPh~kt ,, ~Oh,t,t, given the 28 magnitudes (1.7) 

and (11.3). The distributiola, correct to terms of order 
1 IN, turns out to be 

1 
P4,2s-  Q,(Ol, O2)Q2(OI,02,03)Q3(01,02,03,04), 

- -  K4,28 
(II.4) 

where Q1(O1,O2) and Q2(OI,O2,O3) are defined by 
(I. 16) and (I. 17) and 

(30"] - 0"204) 
2 

Q3( 01, 02, 03, 04) ~--- exp - 0.--) 

× [ (_ l ) tR  2_ cos(O1 04 ) IR4R14/40 
u 2_ _ + (--1) R4R2R42/50 cos(O 4 ¢~2) 

2 V 2_ __ 
+ (--1) R4R3R43/60 cos(O 4 - 03)] o3 (0"2_ 0"20"4) 

X [(-- 1)tR 2 2 _ IR4R 14/41 + R 14/4~) cos(Ol 04) 

2 + (--1)UR4R2(RE2/51 + R42/sD cos(O4 O2) 
2 _ + (-1)VR4Ra(R23/61 + R43/61) c o s ( O 4 -  03)] 

6 
+ a ~ ~ ( 0 . 2  0.20.4)[(_I)tRIR4 c o s ( O l _  04 ) 

+ (--1)UR,R2 c0s(O4 -- 02) 

1 2 
+ (--1)VR4R3 cos ( 0 4 -  0 3 ) ] -  ~-~(0.3 -- 0"20"4) 

× [R2R2cos 2 ( O 1 _  O4) + R4R222 cos 2(04 -- Oz) 

+ R2R 2 cos  2 ( 0  4 --  03)]  

X c o s h { ~  Y I ~ } C o s B { ~  Y 4 f f . } c o s h { ~  Y43} 

1"20"3 R1i/40RI4/41XI~} 1"2°"3 × ' o J o - ~ T z  Io~'-z/2R,~/4oRI4/4~Xl~ } 

f203 I ~ 20.3 
X 1 0 ~ ) - 2  R42/50R42/slX42 1 0 / ~ 7 2  R4]/50R42/51X42 I 

1"20"3 R4J/6oR43/61X4j} f20"3 × 1°~23/2 I ° l ~ 2  R43/6oR43/61X43} , 
(II.5) 

Yl~ 

XI~ 

= [(--1)t(R2g/40-- 1) + 2 R I R  4 e o s ( O  1 --  04)]  , (11.6) 

= [(-1)U(R2~/50 - 1) + 2R4R2 cos(O 4 -- O2)1, (11.7) 

= [(--1)V(R2~/60 - 1) + 2R4R 3 cos(O 4 -- O3)1 , (II.8) 

= IRE + R 2 + 2(--1)tRIR4 c o s ( O ~ -  04)] 1/2, (II.9) 

= [R 2 + R 2 + 2(--1)"R4R2 cos(O 4 -- 02)] 1/2, (II.10) 

X4~= [R24 + R 2 + 2(--1)VR4R3 cos(O 4 - 03)] 1/2, (II.11) 

where t, u and v are arbitrary non-zero integers and 
K4,28 is the appropriate normalization factor. Since 
P4,2s is a function of • 1 - 0 2, 0 2 - 0 3 and O~ - 04, 
(11.4) leads directly to the conditional probability distri- 
bution of the three structure seminvariants tP12, ~023 
and ~014, as shown next. 
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II.2. The joint  conditional probability distribution o f  
the three structure seminvariants tp~2 = ¢h,k~,- ¢h~kW 
(P23 = (Ph2kl2 -- (Ph3kl3' a n d  (PI4 = ~Oh,kh- (Ph4kh' given the 
28 magnitudes in the fourth neighborhood o f  tp~2 

Employing the usual probabilistic background as 
described previously, the three structure seminvariants 
tp~2, tP23, (I.24), and, 

~0t4 = ~ghlkll- (Ph4kl4' (II. 12) 

as functions of the primitive random variable [(h~ klt), 
(h2k12) , (h3kl3) , (h4k14)], are themselves random vari- 
ables. Denote by 

P3,28 = P(tzb! 2, ~23, t~141R 1,R2 , ' ' ' ,  R43) 

the joint conditional probability distribution of qh2, 
q723, qh4 given the 28 magnitudes (I.7) and (II.3). 
Then P3,28 is obtained from P4,28, (II.4), by means of 
the transformations (I.25)-(I.27) and 

{~14 = (~) t -  ¢~4' 

~ 2  + q'2a -- ¢~4 = ~/'4 -- ~a" 

(II.13) 

(II.14) 

(II.15) 

/ 2% \ 
Ut ~ ) [ 2a3 U ~ )  I o 14/4i × to R, ,,oR 

/ 203 U4] ) 1o( 2~3 U4~) 
× I° ~72/2 R42/'°R42/51 ~32/2 R42/'°R'2/51 

× Io \ ~ 2  R43'60R43'6t \ ~ 2  R43/60R43/61 

(II.17) 
where 

VI~= [(--1)t(R~/4o - 1) + 2RIR 4 COSI~)14] , (11.18) 

V4~= [(-1)U(R2~/5o - 1) + 2R4R 2 c o s ( ~ 2 -  ~4)] ,  
(II.19) 

V4g = [(-1)V(R2g/6o - 1) + 2RaR 3 c o s ( ~ 2  + ~23 
- ~14)], (11.20) 

Ut~= [R 2 + R 2 + 2(-1) tR~R4 COS ~)!4 ]1/2, (11.21) 

U4~= [R ] + R 2 + 2(-1)"R4R 2 c o s ( ~ t 2 -  ¢14)1v2~ii.22 ) `  

U4.~ = [R ] + R] + 2(-1)~R4R3 cos(~,2 + tP23 -- ~,4)] '/2. 
(II.23) 

Hence, the joint conditional probability distribution of 
(012, ~023, ~0,4, given the 28 magnitudes (I.7) and (II.3), 
is found to be 

1 
P3,E8 =K3,2 s Qt( ~lz) Q2( q~ t2, q~23) Q3( q~ tv q~23,q~t4), 

(II.16) 

where Q1(~12) and QE(t01E, q~Ea) are given by (I.29) 
and (I.30) respectively, and Q3(~lE,~2a,~t4)is obtained 
from Q3(~1,~2,~3,~4), (II.5), employing the trans- 
formations (II. 13)-(II. 15): 

2 (302_ a264 ) Q ~ ( ~ , ~ , % , ~ , 4 )  ~ e x p  - ,,~ 
× [(__ 1)tR 2_ 2_ ~R4R~4/40 cos q~14 + (--1)~R4 RE R42/50 

R4~/60 x cos(q~2-- ~t4) + (--1)"R4Ra 2 

2 (a~ -- 02 a 4) X COS(~I2 "4- ~23 -- {~t4) ] --  0.--23 

X [(-- 1)tR 2 2 _ ~R4(R~4/4 ~ + Rta/4t)COS ~14 
+ (--1)UR4R2(R22/51 + R22/5~) cos(~t2--  ~14) 

3(R43/61 + + (_I)VR4R 2 R23/6~) cos(t~12 + t2~23 tibl4) ] 

6 
+ a~ ( a ~ -  a~a4) [ ( -1 ) tR ,R4  cos ~,4 

+ (-1)UR4R2 c o s ( ~ 2 -  ~t4) 

1 (a z_aza4 )  + ( - 1 ) " ~ , , R ~  cos(,ar,,~ + q , ~  - ¢,,,,)1 - o~ 
X [R 2 2 2 2 2(~12 (])t4) IR4 COS 2~14 + R 4 R 2  COS 

2 2 2(~12 + (~)23 ~14) ]~  + R4R 3 cos 

1 1 ~ 3 R 1 4 V l , ) C o s h i ° 3 R 4 2 v 4 ~ )  * ' ° '3R43 V4 , )  x co sn / c o s h \  o.32/2 \ a~/2 \ a2 

II.3. The joint conditional probability distribution o f  
the two structure seminvariants ~012 = ~Oh,kh -- ~Oh2kh , ~023 = 
~oh~t2 - ~Ok3kt,, given the structure seminvariant tpt 4 = 
~Oh,kt, -- q~h~,t, and 24 magnitudes 

Suppose that qh4( -n  < qh4 <- ~), the 24 non- 
negative numbers 

R I,R 2,R 3,R t~/lo,R2~/20,g3~/30,R t2/lt, R t2/tl,R23/2t, R23/21, 
Rat/a1, Ral/ai,Rt~,R2~,Rai (II.24) 

and 

R 4,R 4~/5o,R 4~/6o,R 42/51~R 42/5 ~vR 43/61,R 43/6~,R 4~,R 4~ 
(11.25) 

are specified and that the ordered quartet [(hlklt), 
(hEkI2), (h3kl3), (h4kl4)] is a random variable which is 
uniformly distributed over the subset of the fourfold 
Cartesian product W x W × W × W of reciprocal 
space W defined by (I. 1), (I.2), (II.2), 

(P14 = {~14' (II.26) 
(I.7) and 

IEmkl41 = R 4, [E½(h4_h2),uA(t4-h)l = R4~/5o, 
[E½(h4_h3),v,½tl+_h)l = R4gmo, 
I E½(h4+h2),u+k,½(14+/2) ] = R42/5 t, 
[E½(h4+h2),u_k,~(h+h)l = R42/5~, 
IE, ~(h4+h3),v+k,~(14+h) [ = R43/6t, 
[E~(h4+h3), v-k,{(14+t3) I = R43/61, 
[Eh4_h2,0,14_h[ = R4[ , [Eh4_ha,O,h_h I = R4g. (II.27) 

In view of (I. 1), (I.2) and (II.2), 

(]712 = ~ h , k h -  (Ph2kh' (II.28) 

(P23 = (Ph2kh- (Dh3kh' (II.29) 
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and 

(~14 = q]h,kl,- ~h4kh (11.30) 

are structure seminvariants. Then tpl 2 and tp23, as 
functions of the primitive random variable [(h~kl~), 
(h 2 k12), (h 3 k13), (h 4 k14)], are themselves random 
variables. Denote by 

P211,24 = P(t2b12, t2[)23 1 t~I4,R 1,R2, -. .,R4~) 

the joint conditional probability distribution of the pair 
tpl 2, tp23, given ~14, (II.26), and the 24 magnitudes (I.7) 
and (II.27). Then P2~1.24 is found from P3,28, (II.16), 
by fixing ~14 and multiplying by a suitable normalizing 
parameter: 

1 

P2,1 24 = ~ Ql((ib12) Q2(~12,~23) Q~(~12,~231 ~14), 
' K2'1'24 (11.31) 

where Ql(~12) and Qz(~12,q~ES) are given by (I.29) 
and (I.30) respectively, Q~(~lE,~2sl~14), obtained 
from Qs(q~:,~E3,q~14), (II.17), by suppressing those 
factors independent of ~12 or ~23, but dependent on the 
fixed parameter ~14, so that they are absorbed by the 
normalizing parameter K 2,1,24, is given by 

( 3 a ] -  0"20"4) 
2 

Q~(~2,~231~4) =exp  - 

× [(_l)UR4RER4~/502 COS(~12 -- ~14) 

+ (--1)VR4R3R2~/60 c°s(~12 + ~ 2 3 -  ~14)] 

2 
R2(R42/51 + 0"23 (0"2_ 0"20"4) [(-1)ug4 2 R22/5~) 

× c o s ( ~ 2 -  ¢)~4) • 
2 + (-1)vg4R3(gE3/6~ + R43/6~) c0s(~12 + ~2a-- ~14)] 

6 
+ 0"-32 (0"2--0"20"4)[(--1)ug4R2 c°s(~12-- ~4)  

+ (-1)VR4Rac°S(~12 + ~23 + ~4)] 

1 
- -  [R4R 2 COS -- (0.2 0,20.4) 2 2 2(~,2 ~14) 

3 
2 2 2 ( ~ 1 2  + _ _  + R4R 3 COS ~23 ~14) ] 

. J  

X cosh \a3-- ~ X 01,2 

X I0 ~-23/2 R4~/50R42/51 

,~72/2[ 2 0 - 3  U4j)lo(20~2/a2R4~/60R43/61 x I o R4j/6oR43/6 , U4Jl, 

(II.32) 

with V4~ , V4~ , U4~ , U4~ defined by (II.19), (11.20), 
(II.22), (II.23) respectively, and the normalizing 
parameter K2,1,24 , a function of the 25 parameters 
(II.24)-(II.26) and independent of ~12 and ~23, is best 
obtained numerically in any given case. It should be 
noted that P2,1.24 is a function of the two variables 
~ 2  and ~23 and that ~ 4  is a parameter of the distribu- 
tion. Despite the superficial resemblance, P3~28 is, in 
contrast, a function of the three variables ~,2, ~23 and 
~14" 
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